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In the context of globalization, any shifts occurring in national economies
become synchronous and interconnected. Globalization processes are
manifested in the intensification of foreign economic relations, the
development of financial cooperation, increased labor migration, etc.
As a consequence, economic recovery or, conversely, crisis phenomena in
one country, to one degree or another, affect the economies of other countries.
One of the main channels for synchronizing economic processes is
international trade. Changes in this area can become the trigger that, as a
result of a subsequent chain reaction, will ensure the spread of both positive
and negative economic phenomena. That is, the changes taking place in the
global economy are increasingly systemic in nature, and individual countries
are elements of this system.

The presence of resonant phenomena in an open economic system
determines scientific interest in the use of system dynamics methods to study
possible trajectories of development of such a system as a whole, as well as
individual elements of this system, taking into account both external
influences and endogenous factors. One of the important directions in this
sense is the study of limit cycles. The purpose of this paper is to construct a
mathematical model of economic dynamics that would allow a qualitative
analysis (according to phase trajectories) of the processes that determine the
state of equilibrium of prices for the same product in adjacent markets.
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A special case of this problem has already been considered by the authors in
the paper [1]. Here we propose an alternative way to solve the general case of
such a problem. As rightly stated in [2], the construction of a mathematical
model of such problems is a fundamental, inevitable, but difficult and delicate
process.

Periodic processes in economics can be described in mathematical
language using the concept of a limit cycle [3]. Recently, the study of the
properties of limit cycles has attracted significant interest, which goes beyond
the scope of pure mathematics and finds application not only in economics,
but also in physics, chemistry, and biology. There are two possible
approaches to studying this phenomenon: the use of differential equations to
describe continuous processes or difference equations if the process is discrete
in time.

A mathematical model of economic dynamics for the case of two
commodity markets can be represented as a system of two ordinary
differential equations:

{p% :_Fl(plx P2); )
P2 = R (P Py),
where p,(#) and p,(¢) there are prices of goods in the corresponding

markets, continuously changing over time (differentiation is carried out by
time);

F(p, Po), F(py, py) are functions of excess demand for goods in each
of the markets, which are nonlinear of degree no more than two.

To analyze system (1), we choose the following type of excess demand
functions:

Fi(Py, P2) = APy — P2 +Kpf +Mpyp, +0p7, Fp(Py, P2) = Py +ap{ +bp;p,,

where a, b, 4,k, m,n are some constant parameters. Then the system has
the form:

{pi=ip1—pz+kpf+mp1pz+np§: @

P> = Py +ap; +bpyp,.
Note that in system (2) there are two equilibrium positions. These are the
points p, =0; p,=0 and p; =0; p,=1/n, which, for certain parameter
values, are focuses.

After carrying out algebraic transformations with the introduction of new
variables, we obtain a quadratic system of the form:
X' ==y +ayyX? + 8y Xy +8g, Y’

©)

Y' = X+ byoX? +bygxy + by,
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System (3) is a special case of a six-parameter system of two differential
equations, which is presented in Poincaré normal form. The coefficients of
this system are determined by the following relations:

7
40 =—3M 81 =5ay; 8gy =N; by =8g; by =-2n; by, =0, 4)

where ay=a if p; =0; p,=0 or aqy=—a if p, =0; p,=1/n.

In accordance with the fundamental work [4], qualitative analysis (based
on phase trajectories) consists in sequentially determining the values of three
such quantities:

V, =aA- B; ®)
V, =(B(5A-B)+a(5B-a))y, if V,=0; (6)
V= (BA+aB)ys, if V=V, =0. (7

This method allows us to work only with real numbers. Note that, up to a
constant factor, the quantities V;, V,, and V; correspond to the first three

Lyapunov quantities I, 1,, and Is.
To simplify the calculations, we introduce auxiliary coefficients:
A=ay) +anp; B=Dbyy +by; a=ay+2by,; B=by +2ay
¥ =byyA° — (agy —by;) A’B + (by, — 3y;) AB® — 2, B° 8
5 =ab, +bZ +ag,A+byB.
Comparing relations (4) and (8), we obtain:

4 20
Az—gn; B=ay, a=5a ﬁ:—?n;

3 2
y= ao(—%nj —[%nj(—%nj ay + (—5a0)(—%nja§ —nad =

Now we find sequentially the values of each of the quantities
Vi, V,, and V;.
1) From relation (5) we obtain:

V,=Aax - Bﬂ:(—%n)Sao —ao(—z—??njzo.

2) Since we received that V, =0, then from relation (6) we find V,:
V, =(B(5A-B)+a(5B-a))=
20 20 20
=| ——n| —n+—n |+5a,(53;, -5 =0.
(3(3 3] 3 (52 ao)j
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3) Since such equalities hold V, =V, =0, then from (7) we find the value V;:

4 20 na, 1
V;=(AB+ Ba);/é=((—§nj(—?nj+5a§j7(51a§ —16n2)§(6a§ -n’)=

:%K%nz + 5a§j(51a§ ~16n°)(6a5 —n’).

Considering that a§ = a?, we get the value V,:

V, :%(%nz + 5a2j<51a2 —16n2)(6a2 - n2)

Let us recall that the parameters V;, V,, and V, coincide with the values
of the first three Lyapunov quantities I, I,, and I;. up to a constant factor.

We find that for all rational values of the parameters the following statement
is true: V;=0. Thus, for both focuses we have the following results:
V; =V, =0 and V; #0.

It follows that around each of the two foci (equilibrium positions) there
are three limit cycles, respectively, a 3:3 ratio holds. Note that the obtained
result is consistent with the results for the “predator-prey” model obtained
from studying the evolution of innovation processes [5].

The proposed mathematical model of economic dynamics allows us to
identify the presence of cyclic processes in a small neighborhood near
equilibrium positions. Further research will be aimed at studying the nature of
these limit cycles, which will allow us to identify unstable dynamic regimes
and avoid the occurrence of bifurcations and catastrophes leading to
instability in interconnected markets of objects of any nature, which can act as
a product.

References:

1. Voronin A. V., Lebedev S. S. (February 16, 2023) Quadratic system of two
differential equations with six limit cycles: two approaches to problem analysis.
ResearchGate. DOI: https://doi.org/10.13140/rg.2.2.32572.92808

2. Drin S. S., Ishchuk V. P., Shchestiuk N. Yu. (2016) Matematychne modeliuvannia
finansovo-ekonomichnykh protsesiv na bazi lohistychnoi poslidovnosti determinovanoho
khaosu. Naukovi zapysky NaUKMA, vol. 178. Fizyko-matematychni nauky, pp. 10-15

3. Beaudry P., Galizia D., and Portier F. (2015) Reviving the Limit Cycle View
of Macroeconomic Fluctuations. NBER, working paper 21241. Available at:
https://www.nber.org/papers/w21241

4. Chow S.-N., Li C., Wang D. (1991) Normal Forms and Bifurcation of Planar
Vector Fields. Cambridge: Cambridge University Press. DOI: https://doi.org/
10.1017/CB09780511665639

5. Voronin A., Akhiiezer O., Galuza A. et. all (2023) Modeling Competitive
Interaction  “Predator-Prey” on the Example of Two Innovative Processes,
13th International Conference on Advanced Computer Information Technologies (ACIT),
Wroctaw, Poland, pp. 131-134. DOI: https://doi.org/10.1109/ACIT58437.2023.10275538

49


https://doi.org/10.13140/rg.2.2.32572.92808
https://www.nber.org/papers/w21241
https://doi.org/10.1017/CBO9780511665639
https://doi.org/10.1017/CBO9780511665639

